We present a geometrical description of N = 8 supergravity, using central charge superspace. The essential properties of the multiplet, like self-duality properties of the vectors or the non-linear sigma model structure of the scalars, are deduced from constraints at 0 and 1/2 canonical dimension. We also present in detail how to derive from this geometrical formulation the supergravity transformations as well as the whole equations of motion for the component fields in order to compare them with the results already known and obtained in formulations on the component level.
1 Introduction N = 8 extended supergravity is called maximal in the sense that it does not require helicities larger than two (gravitons). One of its intriguing properties is that it admits SU (8) as intrinsic gauge invariance group. The spectrum of the multiplet looks rather complicated at the first sight: it contains a graviton, 8 Rarita-Schwinger fields, 28 graviphotons, 56 helicity 1/2 fields and 70 helicity 0 states, which are considered to be all scalars. However, these fields are organized in a quite simple structure which is recovered and described in a concise manner using the geometric description of the theory in central charge superspace. One of the main objectives of the present paper is to emphasize this feature.
The analysis of these theories began with the development of the basic structure of SO(8) supergravity, realized by de Wit and Freedman [1] . They remarked the presence of complicated, non-polynomial structures in the scalars and pseudo-scalars of the theory. After that, Cremmer and Julia described in detail the component structure of this theory [2] , [3] , obtaining it by dimensional reduction of the 11 dimensional supergravity theory to 4 dimensions. In particular, they established that the scalars take part of a non-linear σ model and they live on the E 7 /SU (8) coset space. De Wit and Nicolai also resumed the properties of this theory [4] with particular attention on separating deducible properties and conjectures which yield the known and accepted structure.
The well-known methods of superspace geometry, as developed by Wess and Zumino [5] and resumed in [6] were generalized to extended supergravity and were applied to the N = 8 case [7] , [8] . In these papers, the authors used ordinary extended superspace, without any additional bosonic coordinates. In this approach the identification of both the vectors and the scalars can be done through their field strengths in torsion components, nevertheless, for more clearness, the necessary number of gauge vectors is introduced explicitly in the covariant derivatives. In order to render the description more transparent, Howe and Lindström in the appendix of [8] and Siegel [9] introduce additional bosonic coordinates in superspace. This second approach is completely equivalent with the former one, though, it gives a more natural interpretation of graviphotons: they are identified as the gauge vectors corresponding to local translations in the direction of the additional bosonic coordinates. Concerning the scalars, they are identified in a non-trivial way in some components of the super-vielbein in the extra bosonic sector. In reference [10] a detailed presentation is given of this second approach.
The aim of this paper is to present an approach to the identification of the N = 8 supergravity in central charge superspace, generalizing the constructions applied to N = 2 [12] and N = 4 [13] . Here, the vectors are identified in the frame components with central charge flat index and the corresponding gauge transformations are realized as superspace diffeomorphisms in the central charge directions. Moreover, we show that it is possible to identify the scalars of the theory directly, in torsion components of 0 canonical dimension. Also, the three silver rules for maximally dualised extended supergravities [14] are recovered as consequences of natural and simple constraints on the geometry. Namely, we find that the moduli space of the scalar fields has a E 7(+7) /SU (8) coset space structure, that these scalar fields serve as converters between SU (8) indices and central charge indices (corresponding to E 7(+7) representation indices), and also, that the vectors taking part of the multiplet are self-dual or anti-self-dual in the SU (8) basis while they satisfy a twisted self-duality relation in the central charge basis.
The paper is organized as follows. In section 2, we review the basic structure of central charge superspace. Section 3 is devoted to the identification of the multiplet: physical fields are identified in the vielbein and in the torsion, and their main properties are deduced from the geometric structure. Then, we compute the supergravity transformations of the fields in section 4. We finish with the equations of motion which are presented in section 5.
General geometric structure
The geometrical description of extended supergravity theories is based on a generalization to the extended case of standard N = 1 superspace methods [6] , [15] . The Abelian gauge vectors which appear for higher N have a natural interpretation in central charge superspace: they appear as components of the superspace frame. As such, their gauge transformations appear on the same footing as space-time diffeomorphisms and local supersymmetry transformations. General ideas about supergravity in central charge superspace are presented in detail in [12] and [13] . Nevertheless, we recall here briefly the basic notions we use throughout the article.
Consider the central charge superspace with frame E A = (E a , E α A , E Ȧ α , E u ), where a, α, α denote the usual vector and Weyl spinor indices, capital indices A count the number of supercharges and boldface indices u the number of central charges. The structure group, which is chosen to be SL(2, C) ⊗ SU (8) , acts on the frame, δ X E A = E B X B A , and the corresponding covariant derivatives are defined in terms of the connection 1-form Φ B
A . The representation of the structure group on flat indices is block-diagonal with respect to the space-time, spinorial and central charge sector. The a priori non-zero connection components Φ B A are then [16] , while some useful properties of SU (N ) tensors are given in appendix A.)
The torsion and the curvature are given as differential forms in central charge superspace
and satisfy the Bianchi identities
where the Bianchi identity of the torsion (4) is a consequence of the action of two covariant derivatives on a covariant vector u A ,
and the definition of the torsion (2). The supergravity transformations (or Wess-Zumino transformations) are defined as usual [6] , [16] to be a special combination of diffeomorphisms and gauge transformations such that they transform covariant vectors into covariant vectors:
1 We note SU (8) the Lie group and su(8) its Lie algebra acting on covariant vectors by the "covariant Lie derivative" L ξ = ı ξ D + Dı ξ . In particular, the supergravity transformations of the vielbein and the connection are the following:
The geometrical description of the N = 8 supergravity theory in this context, is to identify first the components of the multiplet in the geometrical objects reviewed above (frame, torsion, connection, curvature) in such a way that they transform under supergravity transformations between themselves. Once the identification of the component fields is done and in order to convince oneself that the identified theory is nothing else but the N = 8 supergravity described in the original works on the component level, one has to compare the supersymmetry transformations as well as the equations of motion we can deduce from the geometrical description with those given in the component formalism [2] , [4] . This is the aim and the strategy of the next sections.
Identification and properties of the multiplet
We will identify in this section the component fields (one graviton, 8 Rarita-Schwinger fields, 28 graviphotons, 56 helicity 1/2 fields and 70 scalars) in the context of the basic geometrical objects of central charge superspace.
Identification of the gauge component fields in the super-vielbein
In analogy with general relativity, where the graviton is identified in the vierbein, central charge superspace provides a unified geometric interpretation of the graviton, gravitini and graviphotons in the frame E A ,
where the double bar projects at the same time on the vector coefficient of the differential form and on the lowest superfield component [17] .
Also, there are a priori other independent gauge fields in the theory, namely, the connection fields. Concerning the connection in the central charge sector, let us adopt in the following the requirement that the representation of the structure group on central charge indices be trivial,
Concerning the other components, the double bar projections of the connection one-forms
give the ordinary Lorentz and SU (8) connections. However, as it will be shown in the next sections (see equations (81) and (74)), once the constraint (11) adopted, in the case of the on-shell N = 8 supergravity both the Lorentz and the SU (8) connections are given as functions of the other component fields and their space-time derivatives.
As the remaining component fields of the multiplet, the scalars and the helicity 1/2 fields, have to complete the above gauge fields into a supersymmetry multiplet. We are looking for them in the supergravity transform of the frame (8) , that is in torsion components, which satisfy the Bianchi identity (4), or displayed on 3-form coefficients,
Torsion components also appear in the algebra of covariant derivatives (6)
when it is acting on a covariant vector u A .
Recall, that in general relativity the Bianchi identities (4) and (5) are independent, while for supergravity defined in ordinary extended superspace without central charge coordinates, Dragon's theorem [18] tells us that the Bianchi identities for the curvature (5) are a consequence of the Bianchi identities for the torsion (4) . In this latter case, the torsion is considered as the fundamental object of the geometry and all curvature components are expressed as functions of the torsion components and their covariant derivatives. However, as the theorem of Dragon is based on the relation between the representations of the structure group on bosonic and fermionic indices, in the presence of central charge coordinates in general it ceases to be valid as it stands [19] . Nevertheless, assuming trivial gauge structure (11) in the central charge sector, Dragon's theroem remains valid and it is sufficiant to investigate the first set (13) of Bianchi identities.
The constraints
are the usual conventional ones [20] , [19] , which are nothing else but some redefinitions of the supervielbein and of the Lorentz connection. Other less conventional constraints, as for example
serve to reduce the number of independant fields and may also imply equations of motion. The remaining constraints, at canonical dimension 0 and 1/2, allow the identification of the scalars and the 1/2 helicity fields. They will be presented in the next two paragraphes in some more detail. Once the constraints on torsion components are imposed, their consistency with Bianchi identities (13) must be checked, which has been carefully done.
Constraints at dimension 0, identification of the scalars
The geometrical description of the N = 8 supergravity multiplet in central charge superspace is based on a set of natural constraints at canonical dimension 0. This type of constraints was already used to identify the N = 2 minimal supergravity multiplet [12] as well as to identify the N = 4 supergravity with antisymmetric tensor [13] , [21] , the NicolaiTownsend multiplet. They remain the same in the present case of N = 8 supergravity :
As in the N = 4 case, we expect that the objects T [CB]u and T [CB] u , which can be organized in matrix form as
play an important role in the identification of the scalars. One of the most important assumptions we make in order to identify the N = 8 supergravity multiplet is to suppose that there exists a matrix S with components
such that the components of T and S satisfy
Recall, that we did not fix a priori the number of central charge indices u. However, the assumptions above imply that the matrices T and S are square matrices of dimension N (N − 1) and of maximal rank 2 . So, these assumptions fix the number of central charge indices u to be N (N − 1) = 56, and we can write the relations (21) and (22) as
In this sense S is the inverse of the matrix T , constructed from the Lorentz scalars contained in the torsion components of zero canonical dimension (18) . As a matter of fact, these matrices serve as converters between the central charge basis (indices u) and the SU (8) basis in the antisymmetric representation (indices [DC] and [DC] ). For instance all object X u can be converted in the SU (8) basis using the matrix S:
Inversely, one can come back to the central charge basis using the matrix T :
We identify the scalars of the multiplet as the lowest superfield components of the scalar superfields T :
However, at this stage we have a problem with the degrees of freedom contained in the objects S. Namely, in the N = 8 supergravity multiplet we expect to have 70 scalars, while the matrix T identified in torsion components, and therefore its lowest superfield components T , have a priori 56 × 56 independent components. This problem will be solved in paragraphe 3.5, at dimension 1, where we will rather count the degrees of freedom in the field strength (D m T )S.
3.3 Constraints at dimension 1/2, identification of the 1/2 helicity fields
In turn, the helicity 1/2 fields, or gravigini fields, are identified as usual [10] , [22] in the dimension 1/2 torsion component
as the lowest superfield component of the gravigini superfields
Recall that our aim is to describe the N = 8 on-shell supergravity multiplet containing no other independent helicity 1/2 fields as these C 3 8 = 56 ones in the totally antisymmetric representation. Therefore, the constraints at canonical dimension 1/2 are chosen in such a way that on one hand they eliminate all dimension 1/2 fields which are not in the good representation of SU (8) More precisely, we require first
The case of torsion components of the form T CD u deserves more attention. Recall that we have already eliminated those with at least one central charge differential form index. As to those with a structure group central charge index, the possibility to pass from the central charge basis (indices u) to the SU (8) basis (antisymmetric combination [BA]) will be crucial for the following discussion. Candidates of torsion components which allow to accomodate
and T αA u , Tα Au , which appear in the expression of the torsion components
As a consequance, we require
These assumptions assure that the gravigini fields T [CBA]α and T [CBA] α are the only 1/2 helicity fields in the geometry, and in particular, all the torsion components of canonical dimension 1/2 can be expressed using these fields (see appendix B). Also, with these additional assumptions the Bianchi identities
with their complex conjugates imply that the Lorentz scalar T transforms under supersymmetry transformations into the helicity 1/2 fields:
with α,ᾱ, β andβ some complex parameters, which will be determined by consistency requirements at higher canonical dimensions, in sections 3.4 and 3.5.
Self-duality and anti-self-duality of the graviphotons
The use of central charge superspace allowed to identify the gauge vectors of the multiplet in the super-vielbein (10) . Notice, on the one hand that at this stage we identified in the geometry as many gauge vectors v m u as the number of central charge indices, that is 56. On the other hand, the number of graviphotons taking part of the N = 8 supergravity multiplet is only the half of that, that is 28. The aim of this paragraph is to clarify this problem by analyzing how the Bianchi identities imply specific properties satisfied by the field strength of the gauge vectors v m u , reducing their degrees of freedom to the half. Since the vectors are identified in the vielbein, their super-covariant field strength is the torsion component T ba u , which we denote in the following by F ba u and which in turn can be converted in the SU (8) basis by
.
(38)
It is worthwhile to present here briefly the intriguing interplay of the Bianchi identities in order to determine the properties of this object.
First of all, recall the very general result of the Bianchi identities
concerning the spinorial derivatives of the 1/2 helicity fields
Here the superfields G (βα) [BA] and G (βα) [BA] are the self-dual and respectively, the antiself-dual part of the a priori arbitrary antisymmetric tensor superfields G ba [BA] and G ba [BA] , appearing in the torsion components
as they are given by the Bianchi identities . Now the question is how to relate the antisymmetric tensors G ba [BA] and G ba [BA] to the field strength F ba u of the graviphotons, since a relation between these two objects would insure that, as expected, the supersymmetry transform of the 1/2 helicity fields contains the field strength of the gauge vectors.
The response is given by the Bianchi identity
, which turns out to be a real mine of information. Namely, it implies that the antisymmetric tensors G ba [BA] and G ba [BA] are related to the SU (8) components of the field strength of the graviphotons in a very simple way:
Moreover, it implies that the parts of the field strength which are not present in the spinorial derivative of the helicity 1/2 fields vanish in the linear approach. They are given as quadratic terms in the gravigini:
These are the relations which permit us to write down the self-duality properties of the graviphotons (51) and explain the reduction of the graviphotons' degrees of freedom. Finally, the same Bianchi identity implies the vanishing of the superfields T (BA) and T (BA) , gives the antisymmetric part of the spinorial derivative of the gravigini as a quadratic term in themselves
and fixes the parameters α andᾱ by implying the relations
Recall, that the parts of the field strength F which appear in relations (48) are those, in which the gravigini fields transform under supersymmetry and we require that they do not vanish. So, the parameters α andᾱ are determined to be α =ᾱ = 1/16. As a conclusion of this paragraph let us denote the objects
which in virtue of the relations (44) and (45) satisfy the self-duality and anti-self-duality relations i 2
and are the parts of the graviphoton field strength which effectively take part of the multiplet. These self-duality relations can also be given in the central charge basis as
an 56 × 56 matrix. In the linear approach one can recognize in (52) the twisted self-duality relation for graviphotons [14] , which is also called the third silver rule of supergravity 3 . Let 3 It is possible to construct an objectF ba u satisfying the pure twisted self-duality relation
even in the full non-linear case, using the self-dual and anti-self-dual field strengths F
:
us anticipate here, that the matrix ω plays the rôle of an invariant operator acting on the 56 dimensional representation of the Lie group K for a supergravity theory, where the scalars are organized in a G/K non-linear sigma model. In our case one finds a E 7(+7) /SU (8) non-linear sigma model structure for the scalars -but this will be the subject of the next paragraph.
3.5 The E 7(+7) /SU(8) non-linear sigma model
As already observed on the component level [3] , [4] and put in evidence in the former superspace approaches [7] , [8] , [10] , the hypothesis that the scalars take part of an E 7(+7) /SU (8) non-linear sigma model is compatible with the structure of the multiplet. General features of G/K non-linear sigma models with G a non-compact Lie group and K its maximal compact sub-group can be found in [23] , [24] , [25] .
Recall however, that in component approaches this structure is related to the existence of a duality invariance [3] , [25] , while the identification of E 7(+7) as the duality group is based only on considerations on the dimensions of the interplaying Lie groups [3] , [4] . Then, the existing geometrical descriptions, in order to recover this structure, use constraints inspired by the 56 dimensional, fundamental representation of the Lie algebra of E 7(+7) on the supercovariant field strength of the scalars. The aim of this paragraph is to analyze the properties concerning these aspects implied naturally by the constraints presented so far.
As in the case of the gauge vectors there is an ensemble of Bianchi identities which interplay in order to give the properties of the field strength of the scalars identified in the 56 × 56 matrix (D a T )S.
First of all, as we expect to identify the field strength of the scalars in the supersymmetry transform of the gravigini fields, let us recall the general result of the analysis of Bianchi 
that is, it contains the superfields P as off-diagonal blocks. Moreover, using the algebra of covariant derivatives, one can easily show at this stage, that the superfields P with upper SU (8) indices are related to the superfields P with lower SU (8) indices by the totally antisymmetric tensor,
and the consistency of these two relations fixes the parameters β andβ to be β = −η/12 andβ = −η/12, with ηη = 1. As a consequence, one has the following η-duality relations:
Concerning the objectT b C A , appearing on the diagonal of (55), is defined as a function of an a priori arbitrary superfield T b
which in turn appears in the decomposition of the torsion components T :
Since this superfield T b C A is left undetermined by the constraints we put so far and since we do not need independent superfields any more in the geometry, we fix it in such a way that we have 0 on the diagonal of the (D b T )S matrix 4 . This choice is suggested by the analogy with the matrices (D B β T )S and (Dβ B T )S of (36) and (37). Therefore, we have
and since we also determined the values of the parameters α,ᾱ, β,β in the expressions (36) and (37) of the components with spinorial indices, we can sum up the results concerning the 1-form Ω = (DT )S as follows:
As a consequence, we have to just read out the general matricial structure of the entire form Ω:
where the forms Ω [DCBA] and Ω [DCBA] are related by the η-duality relations
Recall that an analysis of conventional constraints on torsion components in extended supergravity [20] , [19] shows that the fixing of the traceless part of T b Let us emphasize here, that although an analogous one-form Ω is present in previous geometrical descriptions [8] , [10] , its matricial properties like the total antisymmetry of Ω a [DCBA] and Ω a[DCBA] as well as the η-type duality relations were imposed [10] and not deduced from lower dimensional constraints. Concerning our approach we can say that the total antisymmetry as well as η-duality of the components of Ω, defined as Ω = (DT )S, have their origin in the requirement that there should be only one type of 1/2 helicity fields in the multiplet, that is in constraints at 1/2 canonical dimension.
Moreover, as a consequence of its definition, the one-form Ω has further remarkable properties. First of all, it has the decomposition
with Φ SU(8) the SU (8) connection in the 56 × 56 representation
Since it is defined using the covariant derivative, the fact that Ω transforms in a covariant manner under SU (8) gauge transformations,
with X SU(8) the gauge parameter in the 56 × 56 representation (68), is obvious. Finally, Ω satisfies the identity
with again, R SU(8) the SU (8) curvature in the 56 × 56 representation (68). All these properties of Ω show that it is a super-analogue of the one-form (usually denoted by P ) used to write down the Lagrangian of a non-linear sigma model on G/K coset space with G a non-compact Lie group and K its maximal compact subgroup. Clearly, the gauge group SU (8) plays the rôle of the compact group K, so what remains, is to identify the group G. As a matter of fact we only have access to the properties of a representation of the Lie algebra of G, where the object (dT )S takes its values. Observe, that equation (67) gives the form of the matrix (dT )S:
where one can recognize the 56×56 representation of the Lie algebra of E 7(+7) (see appendix D of the article [3] ). Here the matrix decomposition on the diagonal and off-diagonal parts in the 28 × 28 blocks correspond to the decomposition of the Lie algebra of E 7(+7) on its Lie subalgebra su(8) and the orthogonal complement of su (8) with respect to the Killing form. It is straightforward to verify that the su(8) part corresponds to the compact, while its complement, the off-diagonal part, corresponds to the non-compact part of E 7(+7) . Therefore, we accept that indeed, the scalars live on the E 7(+7) /SU (8) coset space, so we recovered the first silver rule for the maximally dualised form of the N = 8 supergravity [14] . As a final check, one may recall as usual that the dimension of E 7(+7) and SU (8) is equal to 133 and respectively 63, therefore, the dimension of the coset space parametrized by the scalar fields is 70: exactly the number of degrees of freedom in the field strength Ω a of the scalars, that is C 4 8 , and exactly the number of degrees of freedom associated to 0 helicity fields in an N = 8 supergravity multiplet.
The SU(8) connection
Recall, that the SU (8) connection 1-form Φ B A is introduced in the geometry as an a priori independent object. However, the constraints we imposed imply that it can be expressed as a function of the scalars and their derivatives. Indeed, the diagonal part of equation (67) gives immediately the expression
with the property dT
which ensures that the connection is traceless. Therefore, the SU (8) connection Φ m B A is neither an independent field, it can be expressed in terms of the scalar fields of the multiplet and of their space-time derivatives:
relation, which is in agreement with the expression given by de Wit and Nicolai [4] . Also, it should be noted that the diagonal part of equation (70) expresses the SU (8) curvature in terms of Ω in a simple way,
The identification of the SU (8) connection was possible because of the vanishing of the central charge connection (11) . With this condition, the Bianchi identities lead us to the following results: all the curvature components with at least one lower central charge index as well as the central charge derivatives of all torsion components vanish,
Due to the these equations and equation (11), the central charge sector could appear to be trivial. Nevertheless, it is essential on the one hand in identifying vectors in the vielbein and the scalars in the torsion, and on the other hand in deducing the essential properties as the self-duality properties of the vectors and the non-linear sigma model structure of the scalars.
Supergravity transformations of the component fields
Once the component fields of the supergravity multiplet are identified, the aim of the present section is to deduce their supergravity transformations in terms of component fields and compare these transformations with those found on the component level [3] , [4] . Recall that one of the fundamental advantages of the geometrical description in central charge superspace is that space-time diffeomorphisms, supersymmetry and gauge transformations identified as central charge transformations are treated on the same footing as superspace diffeomorphisms. Given that component fields were identified in the super vielbein and in torsion components and also that we know how such geometrical objects transform under supergravity transformations (8) , it is a straightforward exercice to write down how these transformations act on components.
Let us begin with the component fields identified in the frame (10): the graviton, the gravitini and graviphotons. Their supergravity transformations can be read out of the explicit component expansion
of the transformation (8) taking the lowest superfield component (noted here by the bar ) and choosing for A either vector, spinorial or respectively central charge indices. As for the scalars and spinor fields, identified in torsion components, that is as the lowest superfield component of super-covariant fields V , their supergravity transformation is simply
However, in order to make explicit these transformation laws, we need the expression in component fields of the lowest superfield components of the basic superfields appearing in torsion components of (77) and covariant derivatives of (78). The aim of the next subsection is precisely to give the list of the necessary expansions.
Supercovariant→component toolkit
The basic superfields appearing in torsion components (see appendix B) are all supercovariant quantities and their lowest superfield components inherit this property. Let us sum up in this paragraphe the component expressions of the supercovariant field strengths, needed to write down supergravity transformations of the component fields. General formulas used to determinate these expressions are easily written using the notation E A = e A = dx m e m A [16] . Recall that the graviton, gravitini and graviphotons are identified in the super-vielbein. Thus, their field strength can be found in their covariant counterparts using
For A = a one finds the relation
which determinates the Lorentz connection Φ mkl = e k b e l a Φ mba in terms of the vierbein, its derivatives and gravitini fields 5
For A = u, the central charge indices, we obtain in general the covariant field strength of the graviphotons
5 One may observe that in [4] , page 334, the Lorentz connection depends also on the spinor fields. However, this difference is just a matter of redefinition, it corresponds in our geometrical description to the replacement of the conventional constraint T cb a = 0 by
with F nm u the field strength of the graviphotons 
These are the objects, which correspond to the super-covariant field strength of the graviphotonsF
[CB] used on the component level in the article [4] , which can be defined asF
and have the expressionŝ
In order to be able to compare our results to those of the component approach in [4] , we will systematically use the objectsF
[CB] in our component formulas. As for A = A α and A =α A we have the expression of the covariant field strength of the gravitini 
Finally, for the field strength of the scalars Ω a , we can use the definition of the double projection on the one-form Ω,
and obtain
with Ω m = (D m T )S the ordinary field strength of the scalars. Then, using the expressions of the matrix components in (61), (62), we obtain for the two off-diagonal blocks
Analogously to the previous case, the super-covariant field strength of the scalars is defined asΩ m = e m a Ω a and has the component expansionŝ
We are now ready to explicite supergravity transformations of the component fields.
Supersymmetry transformations
Recall that in the superspace description supersymmetry transformations are supergravity transformations with only spinorial non-zero parameters
Therefore, using the general expressions (77), (78) as well as the expressions of torsion components and spinorial derivatives of the basic fields summed up in appendix B, we have the following component transformation laws.
For the graviton, gravitini and graviphotons we have
Using the spinorial derivatives (162)-(165) of the gravigini superfields we obtain for the helicity 1/2 fields the transformation law
As for the supersymmetry transformations of the scalar fields, one obtains
that is, just a rotation by a matrix Σ, which is an element of the orthogonal complement of the Lie algebra su(8) in the Lie algebra of E 7(+7) ,
or in matrix components,
Here, of course, the objects Σ [DCBA] and Σ [DCBA] are related by the duality relation (66) and they are computed using the component expressions (61) and (62) of Ω A α and Ωα A :
Finally, we can also notice, that as pointed out on the component level in the article [4] , the supersymmetry transformations of the SU (8) connection, which is a function of the scalar fields and their derivatives (72), can also be given in a simple way using the above defined field-dependent parameters Σ. Indeed, using the expression (75) of the SU (8) curvature, we have
while on the component level,
These transformation laws are in perfect concordance with those found at the component level in [4] (we prefer to make reference to this work, because the transformation laws given there contain all the non-linear terms even in the spinor fields, which are not given explicitly in the original works like [3] ).
Central charge transformations
In the geometrical description central charge transformations are just supergravity transformations in the direction of central charge coordinates, that is, with parameters
Therefore, we can use the general formulas (77) and (78) with these parameters in order to give these transformations. However, as a consequence of the constraint T zB A = 0 as well as of the fact that the central charge derivative of all torsion components vanish, D z T CB A = 0, all component fields but the graviphotons transform trivially under central charge transformations.
The transformation of the graviphotons is simply
since they are the gauge fields corresponding the central charge transformations. Also, it was noticed in [4] , that a gauge transformation with a scalar-dependent parameter appears in the commutator of two supersymmetry transformations. This feature appears naturally in our approach, since one handles with central charge transformations which are present in the algebra of supergravity transformations with a parameter which depends on the 0 dimensional torsion components, where the scalars were identified. In order to see this in detail, recall that the commutator of two supergravity transformations acting on the frame is
Then choosing for instance the only non-zero parameters ξ α A and η α A , the commutator on a graviphoton becomes
and indeed, it contains a central charge transformation (111) 
The equations of motion
The problem of the derivation of field equations of motion without the knowledge of a Lagrangian, using considerations on representations of the symmetry group, was considered for a long time [26] , [27] . The question is particularly interesting for supersymmetric theories and for this case various approaches have been developed. Here we use the techniques of superspace geometry introduced by Wess and Zumino, which consist in looking to consequences of covariant constraints corresponding to on-shell field content of a representation of the supersymmetry algebra. Indeed, the next and last step in the geometric description of the N = 8 on-shell supergravity theory is to deduce the equations of motion implied by the constraints we used to identify the multiplet in the geometry, and compare them with those found from the Lagrangian given in the original works in the component formalism [3] , [4] .
The method of deducing the equations of motion for N ≥ 3 extended supergravity is similar to the case of the N = 1 Yang-Mills theory in the sense that the gravigino superfields T [CBA]α , T [CBA]α play an analogous rôle to the gaugino superfields and all equations of motion but those for the graviton and gravitini are contained in their higher superfield components [21] . Therefore, these equations of motion are found by successively acting with spinorial derivatives on the spinorial derivatives of the gravigini superfields. This is the approach which was adopted in previous superspace descriptions of the N = 8 supergravity in order to derive the free equations of motion from the geometry [9] , [8] (see also references [22] and [28] ). Alternatively, one could also just pick out certain Bianchi identities, which give the equations of motion for the component fields. This strategy to obtain equations of motion is outlined in the article [7] . For the purpose of putting in evidence free equations of motion of component fields it is sufficient to consider only the linearized version and the calculations are simple. However, one has to consider the full theory if one wants to obtain all the non-linear terms which arise in equations of motion derived from a Lagrangian in component formalism.
To begin with let us explain in detail how one can derive the equations of motion for the gravigini. First, recall that the spinorial derivatives of the gravigino superfields T [CBA]α (see appendix B) have for instance the properties
In order to get the Dirac equation of the 1/2 helicity field, one can just act on the last relation by the spinorial derivative
and take the antisymmetric part of this relation in the indices ε and α. Then, using the algebra of covariant derivatives as well as equation (115) and again the expressions of the spinorial derivatives of the gravigini superfields one obtains
Alternatively, it is worthwhile to observe that this equation of motion can also be deduced from the Bianchi identity 
Moreover, the equations of motion for the graviphotons and those of the scalars can be deduced by further acting with covariant spinorial derivatives on the equations of motion (118) and (119) of the gravigini fields as follows.
On the one hand the trace part in the SU ( of the graviphotons,
while the conjugate field equations for F − ba [BA] can be obtained in an analogous way,
Due to the self-duality properties of these field strengths, these equations of motion are related to their Bianchi identities as follows
Again, it is worthwhile to notice that the Bianchi identities of the graviphotons can be found directly among the super Bianchi identities, namely they are the identities ( dcb u ) T . As a matter of fact the form given here can be recovered from the Bianchi identity ( dcb u ) T after converting the central charge index into SU (8) ones by multiplying by the scalar matrices S u
[BA] and S u[BA] , as well as using the equations of motion for the gravitini fields presented below in equations (126) and (127).
On the other hand, take the spinorial derivative Dδ D of the same Dirac equation (118) and after commuting on the left-hand-side this derivative with that of the space-time one, take the totally antisymmetric part in the SU (8) indices. Now, the antisymmetric part in the spinorial indicesδ andα gives the equations of motion for the scalars written for the field strength component
The equations of motion for the field strength component Ω f
can be calculated in an analogous way from the Dirac equation (119) and one can check that of course, the two equations are related by η-duality relations. The symmetric part in the indicesδ andα is the anti-self-dual part of the Bianchi identity for the scalars,
which can be deduced also from the off-diagonal part of the superspace Bianchi identities (70) of the one-form Ω. Unlike the equations of motion presented above, in Poincaré supergravity the equations of motion for the gravitini and graviton cannot be obtained by acting again by spinorial derivatives on the equations of motion obtained so far. One could obtain this way only the Bianchi identities for these fields (which can be obtained also in a much direct way: the Bianchi identities of the gravitini are exactly the superspace Bianchi identities ( dcb 
Finally, in order to give the equations of motion for the graviton we need the expression of the supercovariant Ricci tensor, R db = R dcba η ca , which is given (149) by the superspace Bianchi identities at canonical dimension 2. The corresponding Ricci scalar, R = R db η db , is then also determined (150) and using the equations of motion for the spinor fields we find that the Einstein equation takes the form
, (128) where one may recognize in the first two lines of the right-hand-side the usual terms of the energy-momentum tensor corresponding to matter fields: scalar fields, photon fields and spinor fields respectively. The contribution of the gravitini is hidden in the left-hand-side, in the component development [21] of R db . The Einstein equation completes the ensemble of the equations of motion for the component fields. Fortunately, in the article [4] , which contains a detailed list of the results obtained in the component formulation, most of the equations of motion are given in terms of super-covariant quantities, given in paragraph 4.1 as functions of the component fields. As a consequence, it is easy to compare the equations of motion deduced in this paragraph from the geometry with the component results of [4] , and see that there is a perfect concordance between them.
Conclusion
We have presented here a new approach to the superspace formulation of N = 8 supergravity, using central charge superspace. The presence of the central charge coordinates is essential in the formulation. It permits to identify the gauge vectors of the theory in the super-vielbein on the same footing with the graviton and gravitini, and also, it allows to identify the scalars directly, as lowest canonical dimension torsion components. In addition, we recover the well-known essential properties of the multiplet as consequences of the geometric structure: we deduce the self-duality properties of the vectors as well as the E 7(+7) /SU (8) non-linear σ model structure for the scalars using straightforward superspace techniques in central charge superspace.
It is worthwhile to note here that there exists a formal correspondence between the formulation in central charge superspace presented here and the geometric formulation in superspace extended by 56 bosonic coordinates [8] presented in detail by Howe [10] . The correspondence, described in more detail in [19] , is based on a simple redefinition of the frame of the typeẼ = EX , with X = δ
that is, on a rotation by the scalars S in the central charge sector 6 . However, the difference 6 Underlined indices denote the ordinary superspace sector A = (a,
between the two approaches is conceptual in the sense that in Howe's approach the translation generators in the extra bosonic coordinates are not "genuine" central charges, they transform under SU (8). Indeed, the frame (129) in the extra bosonic sector (Ẽ [BA] ,Ẽ [BA] ) and thus also the translation generators in the direction of the extra bosonic coordinates carry SU (8) representation indices. The identification of the N = 8 supergravity in the geometry of central charge superspace described here is complete, since we also presented in detail the deduction from the geometry of both the supergravity transformation laws and the equations of motion for the component fields. Our results obtained from the geometric formulation are in perfect accord with the results in terms of super-covariant quantities obtained in component formulation given in the article [4] .
A Totally antisymmetric U (N ) tensors and deltas
In this appendix we collect some useful relations concerning totally antisymmetric tensors and deltas in U (N ) indices. , etc.
In general, for k antisymmetric indices we define the corresponding objects by recursion
...
and call them "generalized deltas". These generalized deltas have the property
thus, the operator
...B k acts as the unit operator in the space of tensors which are antisymmetric in k indices. If we contract an upper index with a lower one in a generalized delta we have δ
as for the contraction of l indices, this implies 
Then, if we contract k indices on a product of two totally antisymmetric tensors ε, we obtain as consequence of (135) and of the property (134)
Finally, since the property (132) is valid also for ε, we have [BA] , which are subject to the self-duality relations (51), and only these parts appear in torsion and curvature components. Moreover, the spinorial derivatives of these basic superfields are also expressed as polynomial functions of themselves.
In this appendix we will give all non-vanishing torsion and curvature components as well as the spinorial covariant derivatives of the basic superfields listed above.
Non-vanishing torsion components
The list of the non-vanishing torsion components is the following: 
and the corresponding Ricci scalar, R = R db η db , which is then .
The SU (8) curvature components are the following: 
Spinorial derivatives
The expression of the spinorial derivatives of the basic superfields are obtained in general using the results of the Bianchi identities as well as the algebra of covariant derivatives and they are called also constituency equations. Let us sum up them here. Spinorial derivatives of the scalars:
Notice, that the spinorial derivatives of the scalars T are contained by definition in the spinorial components of the one-form Ω = (DT )S. Therefore, the above expressions are equivalent to the relations
with Ω F ϕ and Ωφ F given by the equations (61) and (62). 
Spinorial derivatives of the self-dual and anti-self-dual super-covariant field strength: 
